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Abstract
We investigate for involutions σ :X → X colorings of the subspaces A, i.e., finite coverings
A1, . . . ,Ak with Ai ∩σ(Ai)= ∅. One of the results is that there is a difference of behaviour between
the relative closed colorings, the relative open colorings and the open colorings of A. Upperbounds
in terms of the dimension of the subspace are obtained and an example is provided that shows that
the obtained upperbounds are best possible. Moreover, we construct an example with finite relative
closed coloring number, finite relative open coloring number but infinite open coloring number and
an example with finite relative closed coloring number but infinite relative open coloring number.
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Introduction
In this text all spaces are assumed to be separable metric and all mappings are assumed
to be continuous.
A classical theorem of Lusternik and Schnirelman asserts that if the n-sphere Sn is
covered by n+ 1 open (or closed) sets, then one of these sets must contain an antipodal
pair. This led to the following question: given a space X and an involution α :X → X,
what is the minimum size of a cover consisting of open (or closed) sets each of which does
not contain an “α-antipodal” pair. An upperbound of this number is known in terms of the
dimension of X. In this paper we discuss similar questions for covers of subspaces A of
X: we try to find an upperbound in terms of the dimension of A. It might be surprising that
different kinds of covers lead to different upperbounds.
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Definition 1. Suppose that f :X→X is a map from X to itself. A subset B ⊂X is called
a color of X (or f ) if it has the property that f (B) ∩ B = ∅. A coloring of a subspace
A⊂ X is a non-empty finite cover B = {B1, . . . ,Bk} of A with colors. If the sets Bi ∈ B
are open in X, we speak about an open coloring. If the sets Bi ∈ B are open in A we speak
about a relative open coloring and if these sets are closed in A we speak about a relative
closed coloring.
Note that if a subset A ⊂ X admits a coloring, the subset A cannot contain any fixed-
point of the map f :X→X.
Definition 2. Suppose that f :X→X is a map from X to itself. If A⊂ X is a subspace
of X without fixed points we define the coloring number of A with respect to f to be
the smallest cardinality of an open coloring of A, notation col(A,f ). The relative open
coloring number r.o.col(A,f ) is defined to be the smallest cardinality of a relative open
coloring of A and the relative closed coloring number r.c.col(A,f ) is defined to be the
smallest cardinality of a relative closed coloring of A. If no finite coloring (open, relative
open etc.) exists then we say that the corresponding coloring number is infinite. If the use
of the map is unambiguous we also notate col(A), r.o.col(A) and r.c.col(A).
Note that col(∅)= 1.
We do not consider closed colorings of A because of the following two reasons. First
of all, if A\A contains a fixed point of f such closed colorings will not exist (but open
colorings will) and, secondly, as we are especially interested in the smallest cardinality of
the different colorings, we will obtain this particular number in the case of closed colorings
of A as the number r.c.col(A).
It is known that for a fixed-point free homeomorphism f :X→X of an n-dimensional
space X we have col(X) n+ 3. If, moreover, the map f is an involution then col(X)
n+ 2; see [1].
Some classical results on colorings of involutions are cited in the next proposition which
can be found in [7]:
Proposition 1 (Lusternik–Schnirelman).
(1) If α is the antipodal map on the n-sphere Sn then col(Sn,α)= n+ 2.
(2) If σ is an involution on a metric space X with col(X,σ) = k + 2 and if
{C1, . . . ,Ck+1} is a collection of only open (or only closed) subsets such that{
C1, . . . ,Ck+1, α(C1), . . . , α(Ck+1)
}
covers X then
k+1⋂
i=1
Ci = ∅.
(3) If σ is an involution on a metric space X with col(X,σ)= k + 2 then there exists
an equivariant map F :X→ Sk (i.e., a map with the property F ◦ σ = α ◦ F ).
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Furthermore we have for f -invariant subsets A and B of X, where f is a fixed-point
free continuous function from X to itself, the following addition-theorem
col(A∪B) col(A)+ col(B)− 1
(see [2]).
In this text we will discuss similar inequalities for the other coloring-numbers of
Definition 2 in the case that f :X→X is an involution.
First we note the following almost trivial relations among the different coloring numbers:
r.c.col(A) r.o.col(A) col(A)
and we will show that these cannot be improved.
One of the main results states that for an n-dimensional subspace A of X we have
col(A) 2n+ 3, r.o.col(A) 2n+ 3 and r.c.col(A) n+ 2 and these inequalities cannot
be improved either.
Finally we will see that there exists no addition theorem for the relative open and relative
closed coloring numbers, furthermore the trivial addition result
col(A∪B) col(A)+ col(B)
cannot be improved.
1. Some elementary observations
The following inequality is about trivial and is valid even for continuous functions from
X to itself:
r.c.col(A) r.o.col(A) col(A).
The next result states that for many subsets A of X these inequalities are in fact equalities.
The second part is a result of [2].
Lemma 2. Let f :X→X be an involution and let A be a subset of X without fixed-points.
Then:
(1) if A is closed then col(A,f )= r.o.col(A,f )= r.c.col(A,f );
(2) if A is f -invariant then col(A,f )= r.o.col(A,f )= r.c.col(A,f ).
Proof. First we note the following: If for a subset B of X we have that B and f (B) are
separated (i.e., cl(B) ∩ f (B)= ∅ = B ∩ cl(f (B))), then there exists an open subset U of
X such that B ⊂ U and f (U)∩U = ∅. Indeed, B and f (B) separated implies that B and
f (B) are contained in disjoint open sets U1 respectively U2 and take U =U1 ∩ f−1(U2).
For identity it suffices to show that col(A) r.c.col(A).
We prove (1): Let {A1, . . . ,Ak} be a (relative) closed coloring of A. Since A is closed
and the map f is closed it follows that Ai and f (Ai) are pairwise disjoint closed subsets
of X and therefore separated. The above note implies the existence of an open coloring
{U1, . . . ,Uk} of A.
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For the second part, note that for an f -invariant A we have that it is also f−1-invariant
since f = f−1. We conclude that f |A is an involution. Now let {A1, . . . ,Ak} be a relative
closed coloring of A. It follows that f (A1), . . . , f (Ak) are relative closed sets in A with
Ai ∩ f (Ai)= ∅. But then Ai and f (Ai) are separated in X and we can repeat the above
argument. ✷
Very easy examples already show that the inequalities above can be strict inequalities,
even if the map f is an involution.
Example 1. Consider the space X = S1 = {(x, y): x2 + y2 = 1} with the antipodalmap
α and the subspace A= {(x, y): x  0, (x, y) = (0,1)}. Since α(A) ∩A= ∅ we see that
r.o.col(A)= r.c.col(A)= 1. But col(A) > 1.
Example 2. Consider the space X = S1 = {(x, y): x2 + y2 = 1} with the antipodalmap
α and the subspace A= {(x, y): (x, y) = (0,1)}. If A1 = {(x, y): x  0, (x, y) = (0,1)}
and A2 = {(x, y): x  0, (x, y) = (0,1)} then {A1,A2} is a relative closed coloring of A,
so r.c.col(A)= 2.
We now show that r.o.col(A) = col(A) = 3. Indeed, assume r.o.col(A) = 2. Write
A=U1 ∪U2 with Ui open in A (and so open in X = S1). As A is connected, U1 ∩U2 = ∅.
If a ∈ U1 ∩ U2 then, as A is dense, either α(a) ∈ clU1 or α(a) ∈ clU2. If α(a) ∈ clU1
then α(a) ∈ clU1 ∩ α(U1), so U1 ∩ α(U1) = ∅ and we do not have a coloring. Similar if
α(a) ∈ clU2.
The next result is frequently used.
Lemma 3. Let f :X→X be an involution and let A be a subset of X without fixed-points.
If A⊂ B ⊂X and B is f -invariant, then col(A,f )= col(A,f | B).
Proof. It is clear that col(A,f | B)  col(A,f ). Let {O1, . . . ,Ok} be an in B open
coloring of A. Again, Oi and f (Oi) are pairwise disjoint open sets in B , as the restriction
to B is an homeomorphism, and therefore Oi and f (Oi) are separated in X. ✷
2. Main results
Theorem 4. Let σ be an involution on X and let A be a fixed-point free subspace of X
with dimension  n. Then
(1) col(A) 2n+ 3;
(2) r.o.col(A) 2n+ 3;
(3) r.c.col(A) n+ 2;
(4) there exists a space X with an involution and an n-dimensional subspace A such
that r.c.col(A) = n+ 2, r.o.col(A)= 2n+ 3 and col(A) = 2n+ 3, so none of the
inequalities can be improved.
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Proof. For (1) and (2) note that the subspace A ∪ σ(A) is σ -invariant and contains no
fixed points. Moreover, by the addition-theorem for dimension, we have dim(A∪σ(A))
dimA+ dimσ(A)+ 1= n+ n+ 1= 2n+ 1, and so
r.o.col(A) col(A) col(A∪ σ(A)) dim(A∪ σ(A))+ 2 2n+ 3.
For (3), again by Lemma 2 and the fact that the subspace A ∩ σ(A) is σ -invariant, we
have col(A ∩ σ(A))= r.c.col(A ∩ σ(A)). If {A1, . . . ,Ak} is a relative closed coloring of
A∩σ(A), then (using [10, paragraph 21, part XI]) there exists a closed cover {B1, . . . ,Bk}
of A with Bi ∩ (A∩ σ(A))=Ai (sometimes this is called the K0-extender or K0-operator
for metric spaces). Clearly {B1, . . . ,Bk} is a relative closed coloring of A. We conclude, as
A∩ σ(A) is σ -invariant, that
r.c.col(A)= r.c.col(A∩ σ(A))= col(A∩ σ(A)) dim(A∩ σ(A))+ 2 n+ 2.
The example for (4) will be presented in the next section as Example 3. ✷
In the proof of (3) we showed that r.c.col(A)= col(A∩σ(A)). There are more relations
like this which we use later.
Theorem 5. Let σ be an involution on X and let A be a fixed-point free subspace of X.
Then
(1) r.c.col(A)= col(A∩ σ(A));
(2) col(A∪ σ(A))− 1 col(A) col(A∪ σ(A));
(3) if A is dense in A∪ σ(A) then col(A)= col(A∪ σ(A));
(4) if A is a dense Gδ in A ∪ σ(A) and A ∪ σ(A) is complete then r.o.col(A) =
col(A∪ σ(A)).
Proof. (1) is already proved in part (3) of the previous theorem. For (2) the second
inequality is trivial. Now assume col(A ∪ σ(A)) = n + 2. If col(A) = n + 2 then let
{U1, . . . ,Un+1} be an open coloring of A. Then U1, . . . ,Un+1 satisfy the condition in
Proposition 1 and so
⋂n+1
i=1 Ui = ∅. But then col(A)  n is not possible for in that case
one could take Un+1 = ∅.
For (3) note that A ∪ σ(A) is σ -invariant so col(A ∪ σ(A))  2. Assume col(A ∪
σ(A))= n + 2 and col(A)  n+ 1. Let {U1, . . . ,Un+1} be an open coloring of A. With
Proposition 1 it follows that
⋂n+1
i=1 Ui = ∅ and since A is dense A ∩
⋂n+1
i=1 Ui = ∅. Take
a ∈ A ∩⋂n+1i=1 Ui . As A is dense there exists an i0 with σ(a) ∈ cl(Ui0). Since a ∈ Ui0 we
see that σ(Ui0) ∩ cl(Ui0) = ∅ and hence σ(Ui0) ∩ Ui0 = ∅. This means that Ui0 is not a
color. Contradiction.
For (4) assume col(A∪ σ(A))= n+ 2 and r.o.col(A) n+ 1. Let {U1, . . . ,Un+1} be a
relative open coloring of A and for i = 1, . . . , n+ 1 let Vi be an open subset of A∪ σ(A)
such that Vi ∩ (A ∪ σ(A)) = Ui . We show that {V1, . . . , Vn+1} is an open coloring of A
which is a contradiction (indeed, by (3) we have col(A)= col(A∪ σ(A))= n+ 2).
It is clear that {V1, . . . , Vn+1} coversA. Now assume Vi ∩σ(Vi) = ∅ for some i  n+1.
Write D = (A∪σ(A))\A. Since A is a dense Gδ in A∪σ(A), D is the countable union of
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nowhere dense closed subsets of A∪σ(A). Since A∪σ(A) is complete, it is a Baire-space
and so D has empty interior. The same is true for D ∪ σ(D). Furthermore
∅ = Vi ∩ σ(Vi)⊂ (Ui ∪D) ∩
(
σ(Ui)∪ σ(D)
)⊂D ∪ σ(D)
and we arrived at a contradiction. ✷
Note that most results presented here are true under the assumption that the spaces are
paracompact. However, the proof of the third part of Theorem 4 and the first part of the
previous theorem only works under the assumption that the spaces are metrizable (in the
paracompact case a K0-extender need not exist) and we cannot present a proof without
using it.
We can say something more in the case of the n-sphere. Since all the examples in the
next section deal with the n-sphere we also reformulate the above theorem for this special
case.
Theorem 6. Let α be the antipodalmap on the n-sphere Sn and let A be a subspace of Sn.
(1) If A is a proper subset of Sn then r.c.col(A) n+ 1.
(2) If A is not dense in Sn then col(A) n+ 1.
(3) If A∪ α(A)= Sn then col(A) n+ 1.
(4) If A is dense and A∪ α(A)= Sn then col(A)= n+ 2.
(5) If A is a dense Gδ and A∪ α(A)= Sn then r.o.col(A)= n+ 2.
(6) For each k with 2 k  n+ 2 there exists a dense Gδ A⊂ Sn with A∪ α(A)= Sn
and r.c.col(A)= k.
Proof. For (1) it suffices to show this for the subset A = Sn\{point}. We see Sn as the
suspension over Sn−1, i.e., Sn = Sn−1 × [−1,1] in which Sn−1 × {−1} is identified to one
point, the south pole, and the same for Sn−1 × {1}, the north pole. Now let A be Sn minus
the north pole. It is easy to see that the n+1 colors Ai of a closed coloring {A1, . . . ,An+1}
of Sn−1 can be “lifted” to a relative closed coloring {B1, . . . ,Bn+1} of the subset A by
putting Bi = Ai × [−1,1) with obvious identification. (Note that (5) implies that an open
coloring of Sn−1 with n+ 1 colors cannot be lifted in this way to a relative open coloring
of A.)
For (2) let us assume that A is not dense. Then cl(A) is a proper subset of Sn, so by (1)
and by Lemma 2 part (1) we see that
col(A) col(clA)= r.c.col(clA) n+ 1.
Parts (3), (4) and (5) are proved more generally in the previous theorem. Finally, the
construction of the particular subspace as described in (6) can be found in the section of
examples, see Example 6. ✷
We could not answer the following question about Sn.
Question 1. If 2 l1  l2  n+ 2, does there exist a subset A⊂ Sn with A ∪ α(A)= Sn
and r.c.col(A)= l1 and r.o.col(A)= l2?
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Next note the following: if col(A) is bounded, then by the inequality r.c.col(A) 
r.o.col(A)  col(A) it follows that all coloring numbers have this upperbound. The
natural question: “if r.c.col(A) is given, is there any upperbound on r.o.col(A) and (or)
col(A)?” will be answered in the negative except for the trivial case “if r.c.col(A)= 1 then
r.o.col(A)= 1”. But even in this situation there is no upperbound for col(A).
Proposition 7.
(1) There exist a space X, an involution on X and a subspace A such that both
r.c.col(A) and r.o.col(A) are finite and col(A)=∞.
(2) There exist a space X, an involution on X and a subspace A such that r.c.col(A) is
finite and r.o.col(A)=∞.
Proof. See Examples 4 and 7 of the next section. ✷
Next a similar proposition will be given about the existence of addition theorems for the
different type of coloring numbers.
Proposition 8.
(1) There exist no addition theorems for the relative closed coloring number and the
relative open coloring number.
(2) col(A∪B) col(A)+ col(B) and the relation cannot be improved, not even when
the subsets are assumed to be closed (or open).
Proof. In Example 5 of the next section two subsets A and B are presented with r.c.col(A)
and r.c.col(B) finite and r.c.col(A ∪ B) infinite. Similar for the relative open coloring
number.
The inequality of (2) is trivial and Example 8 presents the required example. ✷
As we know the addition theorem for the coloring number col can be improved if the
spaces are σ -invariant. In a special case we can improve the result of Proposition 8 a little.
By using previous results we obtain the following
Corollary 9. Let A,B be subspaces of X with the fixed-point free involution σ . If
col(A)= col(A∪ σ(A)) and col(B)= col(B ∪ σ(B)) then
col(A∪B) col(A)+ col(B)− 1.
This is in particular the case if A is dense in A∪ σ(A) and B is dense in B ∪ σ(B).
Proof. Using the addition theorem for σ -invariant subspaces we obtain
col(A∪B)  col((A∪B)∪ σ(A∪B))= col((A∪ σ(A))∪ (B ∪ σ(B))
 col
(
(A∪ σ(A))+ col((B ∪ σ(B))− 1= col(A)+ col(B)− 1
which proves the corollary. ✷
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3. The examples
We need the following lemmas for the construction of the first example.
Lemma 10. Let X be a complete metrizable space of dimension 1 with an involution
σ :X→ X without fixed points. Then there exists a subspace A of X with the following
properties:
(1) A is dense;
(2) dimA= 0;
(3) A∪ σ(A)=X.
Proof. There exists a countable base {Bn: n ∈ ω0} with the property
Bn ∩ σ(Bn)= ∅, for all n.
Consider all the pairs V = {(n,m): Bn ⊂ Bm} and enumerate V as
V = {(nk,mk): k ∈ ω0}.
By induction choose open subsets Uk with the following properties:
(1) Bnk ⊂Uk ⊂Uk ⊂ Bmk ,
(2) dim(Uk\Uk)= 0,
(3) (Uk\Uk) ∩ (⋃k−1j=1(Uj\Uj) ∪ σ(⋃k−1j=1(Uj\Uj)))= ∅.
This can be done straightforward, but it is essential in the induction that dim(Uk\Uk)= 0.
Note that {Uk: k ∈ ω0} is a base, so the subspace A = X\(⋃∞k=1(Uk\Uk)) is zero-
dimensional and dense. Moreover, the third property gives the condition: if q /∈ A then
σ(q) ∈A, so A∪ σ(A)=X. ✷
Lemma 11. Let X be a metrizable space with an involution σ :X→ X. If A ⊂ X is a
σ -invariant subspace with dim(A)= k then there exists a σ -invariant Gδ subset A′ ⊂ X
with A⊂A′ and dimA′ = dimA.
Proof. There exists a Gδ subset B ⊂ X with A ⊂ B and dimB = dimA. Put A′ =
B ∩ σ(B). ✷
Lemma 12. Let X be a metrizable space with dimX = n and with an involution σ :X→
X. Then X =X0 ∪ · · · ∪Xn with dimXi = 0 and each Xi is σ -invariant.
Proof. We prove this by induction on the dimension. If dimX = 0 this is trivial. Assume
it to be true for all spaces of dimension  k − 1 and all involutions. Assume X to be
a metrizable space with dimX = k and with an involution σ and let {Un: n ∈ ω0} be a
countable base with dim(Un\Un) k − 1, for all n. If we put
Xk =X\
(⋃
n
(Un\Un)∪
⋃
n
σ (Un\Un)
)
then Xk is σ -invariant, dimXk = 0 and dim(X\Xk)  k − 1. So the induction argument
applies to X\Xk . ✷
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Example 3. Consider the space S2n+1 with the antipodal map α :S2n+1 → S2n+1. Since
the (2n+ 1)-sphere is (2n+ 1)-dimensional by Lemma 12 it can be written as the union
of 2n+ 2 zero-dimensional subspaces, say
S2n+1 = B1 ∪ · · · ∪B2n+2,
such that each Bi is zero-dimensional and α-invariant. Put
Xi = B2i−1 ∪B2i for i = 1, . . . , n+ 1.
Then each Xi is 1-dimensional, invariant under α, and if Xi were not complete we apply
Lemma 11 to enlarge it to an α-invariant Gδ subset with dimension at most 1. Note that in
fact dimXi = 1 for all i , since dim⋃n+1i=1 Xi = 2n+ 1.
Lemma 10 implies that each Xi contains a zero-dimensional subspace Ai with the
property Ai ∪ σ(Ai)=Xi for all i . Write
A′ =A1 ∪ · · · ∪An+1.
Then A′ is dense, A′ has dimension  n and A′ also has the property
A′ ∪ α(A′)= S2n+1. (1)
Note that property (1) implies that dimA′ = n. Finally we enlarge A′ to a dense Gδ subset
A of dimension n. Also A satisfies property (1). We observe that Theorem 6 parts (4)
and (5) implies that col(A)= 2n+3 and r.o.col(A)= 2n+3. Since dim(A)= n we obtain
r.c.col(A) n+ 2.
Theorem 6 part (6) makes it clear that it is difficult to ensure that r.c.col(A) = n + 2.
One method to obtain this result is to try to embed an α-invariant copy of Sn in A. We
did not succeed in this. But an easier solution is to define a new space X1 = S2n+1 ⊕ Sn
with the involution α2n+1 ⊕ αn and the subspace A1 = A⊕ Sn. Then all type of coloring
numbers of A1 ⊂X1 are maximal with respect to the dimension of A1.
Example 4. Consider the subspace An ⊂ S2n+1 as constructed in the previous example.
There exist subsets Bn ⊂ An such that αn(Bn) ∩ Bn = ∅ and αn(Bn) ∪ Bn = S2n+1. Note
that col(Bn)  2n + 2 (by Theorem 6 part (3)). If we put B =⊕n Bn ⊂ S =⊕S2n+1
(with the involution α = ⊕n αn) then we have constructed a subspace B ⊂ S with
r.c.col(B)= r.o.col(B)= 1 and col(B)=∞.
Example 5. If we consider our previous example S with the subspaces B and C =
α(B), then we see that r.c.col(B) = r.o.col(B) = 1 and r.c.col(C) = r.o.col(C) = 1, but
r.c.col(B ∪C)= r.o.col(B ∪C)=∞.
For our final examples we take a closer look at the suspension construction. We already
used the suspension S(X) of a space X, i.e., the space X × [−1,1] in which {1} × X
is identified to one point n and {−1} × X is identified to one point s. We know that
S(Sn)= Sn+1 and every fixed-point free involution σ on X has a natural fixed point free
extension S(σ) on X defined through S(σ)(x, i)= (σ (x),−i). Surprisingly, the identity
col(S(X),S(σ )) = 1 + col(X,σ) need not hold (see [6]). We consider the construction
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of “half a suspension”. For a subspace A ⊂ X we define S∗(A) ⊂ S(X) by S∗(A) =
A × (−1,1] and again A × {1} is identified to one point N . In the same way we put
S∗(A)⊂ S(X) by S∗(A)=A× [−1,1) and A× {−1} is identified to one point S.
Lemma 13. If σ is a fixed point free involution on X and A⊂X then:
(1) if A is dense in X then S∗(A) is dense in S(X),
(2) if A∪ σ(A)=X then S∗(A)∪ S(σ)(S∗(A))= S(X),
(3) r.c.col(A,σ)= r.c.col(S∗(A),S(σ )),
(4) if A is a Gδ subset in X then S∗(A) is a Gδ subset in S(X).
Proof. Note that (1) and (2) are trivial. For (3) if {A1, . . . ,Ak} is a relative closed coloring
of A, then {S∗(A1), . . . , S∗(Ak)} is a relative closed coloring of S∗(A).
For (4) if X\A=⋃n Fn, with each Fn closed in X, then S(X)\S∗(A)=⋃n S∗(Fn), so
a countable union of closed sets, as each S∗(Fn) by itself is a countable union of closed
sets. ✷
Example 6. Choose 2  k  n + 2 and consider A = Sk−2. By taking half-suspensions
until we are in Sn, we obtain in Sn a subset D = S∗(S∗ . . . (A)) which is a dense Gδ subset
such that D ∪ α(D)= Sn, and so r.o.col(D)= n+ 2. But r.c.col(D)= r.c.col(A)= k.
Example 7. Consider from the previous example the subsets An ⊂ Sn with r.c.col(An,αn)
= 2 and r.o.col(An,αn) = n + 2. If we put A =⊕n An ⊂ S =⊕n Sn and involution
σ =⊕n αn on S, then we have constructed a subspace A of S with r.c.col(A) = 2 and
r.o.col(A)=∞.
Example 8. Consider Sn as the suspension over Sn−1. If we put A= [− 12 ,1] × Sn−1 and
B = [−1,− 12 ] × Sn−1, then (after identification) we have obtained closed subsets A,B of
Sn with col(A)= n+1, col(B)= 1 and col(A∪B)= col(Sn)= n+2= col(A)+ col(B).
It is easy to construct open A and B with the same property.
We could not answer the following question:
Question 2. Let A be a subset of Sn with r.o.col(A) = k. Does this imply that
r.o.col(S∗(A))= k + 1? And what under the additional assumption that A∪ α(A)= Sn?
If the above question can be answered in the affirmative, then it is easy to present a
construction to Question 1 of the required subspaces, for several l1, l2. Note also that an
affirmative answer implies the classical theorem of Lusternik, Schnirelman.
4. Conclusions
We conclude that the type of coloring number that behaves best (for example w.r.t.
addition theorem) is “the coloring number”. We try to obtain a geometrical interpretation
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of this number. We compare col(A) with the coloring number of the smallest σ -invariant
containing A, i.e., with A∪ σ(A).
In Theorem 5 we showed that col(A ∪ σ(A)) − 1  col(A)  col(A ∪ σ(A)) and in
Theorem 6 we saw that for a subset A⊂ Sn with A ∪ α(A)= Sn we have col(A)= n+ 2
if and only if A is dense. Easy examples show that this topological characterization need
not be the case for the general situation, however we have the following characterization.
Theorem 14. Let A be a subset ofX such that col(A∪σ(A))= n+2. Then col(A)= n+2
if and only if for every equivariant map F :A∪ σ(A)→ Sn the subspace F(A) is dense in
Sn.
Proof. Suppose col(A) = n + 2. Let F :A ∪ σ(A)→ Sn be an equivariant map. Since
col(A ∪ σ(A)= n+ 2 we see that F is surjective and so F(A) ∪ α(F (A))= Sn. If F(A)
were not dense in Sn, col(F (A)) = n + 1 and if {U1, . . . ,Un+1} is a (n + 1)-coloring
of F(A) in Sn then the equivariance implies that {F−1(U1), . . . ,F−1(Un+1)} is an open
(n+ 1)-coloring of A in A∪ σ(A), so col(A) n+ 1. Contradiction.
On the other hand, assume that col(A)= n+ 1. Let {V1, . . . , Vn+1} be an open (n+ 1)-
coloring of A in A∪ σ(A). Then{
V1, . . . , Vn+1, σ (V1), . . . , σ (Vn+1)
}
is an open cover of A∪ σ(A). There exists closed sets Di ⊂ V1 such that{
D1, . . . ,Dn+1, σ (D1), . . . , σ (Dn+1)
}
covers A∪ σ(A) (note that the D1, . . . ,Dn+1 need not cover A). For each i there exists an
equivariant map fi :A∪ σ(A)→[−1,1] with the following properties:
(1) fi−1(−1)=Di ,
(2) If x ∈ Vi then fi(x) < 0,
(3) fi−1(0)= (A∪ σ(A))\(Vi ∪ σ(Vi)).
Define G :A∪ σ(A)→∏n+1i=1 [−1,1] by
G(x)= (fi(x))n+1i=1 ,
then G(x) = 0. So if we put
F(x)=G(x)/∣∣G(x)∣∣,
then F(A) is not dense in Sn (since F(A)∩ {x ∈ Sn: xi > 0, for all i} = ∅). ✷
Note added in proof
Question 1 has been answered: “Yes, such subsets exist.”
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